The paper describes a three phase single point MPM formulation of the coupled flow (water 7 and air) -mechanical analysis of geotechnical problems involving unsaturated soils. The 8 governing balance and dynamic momentum equations are discretized and adapted to MPM 9 characteristics: an Eulerian computational mesh and a Lagrangian analysis of material 10 points. General mathematical expressions for the terms of the set of governing equations are 11
INTRODUCTION

21
Applications of unsaturated soil mechanics often involve large deformations. This is where n ph is the volume fraction associated with each phase.
110
Taking into account the volumetric relations of porosity n, and the degree of where S g = (1-S l ) is the gas degree of saturation.
117
The mass m of a volume V is calculated as the sum of the partial masses m ph of 
General assumptions
146
The following assumptions have been adopted in the coupled MPM formulation 147 described in this paper: 
Momentum balance equations
159
The momentum balance equation of the liquid phase (per unit of liquid volume) and 160 the momentum balance of the gas phase (per unit of gas volume) can be written, 
Mass balance equations
177
Because the exchange of mass between fluid phases is enabled, the mass balance 
188
The flux referred to a particular component ℎ is written as the sum of diffusive 189 flux ( ℎ ) and advective flux:
The diffusive fluxes (i.e. diffusion of water in the gas and the diffusion of air in 
where the dot on p l and p g indicates the variation in time of the liquid and gas 207 pressure, respectively. 
Constitutive equations
209
The soil constitutive model is formulated in a net stress-suction framework. The 210 net stress σ net is equal to the excess of total stress over gas pressure and the suction is 211 the difference between gas pressure and liquid pressure, For saturated conditions when p l > p g , Terzhaghi's effective stress should be 216 recovered and suction is assumed to be zero. It is then convenient to define the model 217 in terms of the following constitutive stresses:
The general form of a suitable stress-strain relationship can be written 221 incrementally as:
in which D is the tangent matrix and h' is a constitutive vector. Both are defined by 224 means of the constitutive model. dɛ is the strain increment vector. 
Hydraulic constitutive equations
226
The degree of saturation S l is strongly dependent on pore liquid and gas pressures.
227
There are a number of empirical equations that describe this characteristic for soil in 228 the literature. In this work the well-known van Genuchten retention curve 229 (Genuchten, 1980) has been implemented, where P 0 and λ are assumed constants:
It is also necessary to specify the dependence of the liquid permeability on the 232 degree of saturation. Being k sat the liquid permeability under saturated conditions, the
233
Hillel expression (Hillel, 1971 ) has been adopted:
The power m typically takes values in range 2-4 (a value of 3 is used in this work).
236
In addition, the variation of water mass fraction in the gas phase can be calculated 237 according to the psychometric law (Edlefson & Anderson, 1943) (Fredlund et al., 1978; Escario & Saez, 1986; Delage & Graham, 251 1996) . In general, both cohesion and friction depend nonlinearly on suction. It has 252 also been found that it depends on the current degree of saturation (Han et al., 1995; 253 Vaunat et al., 2002) , but this dependence has not been included here. The soil shear The strength parameters, c and φ, are written as follows:
259
where c' and φ' correspond to the cohesion and friction angle for saturated 260 conditions. The second terms of equations (28) and (29) into a finite number of subdomains represented by material points (p) (see Fig.3 ). 
291
The second discretization frame is an Eulerian computational mesh (see Fig.3 ).
292
The momentum equations are solved in the nodes (i with N n being the total number of nodes and w i a specific field, such as the 297 displacement field, evaluated in the node i.
Discrete form of the momentum balance equations
299
The Galerkin method of weighted residuals (Galerkin, 1915) has been applied to 300 obtain the weak form of the momentum balance equations (11, 12, 13) steps at the end of the calculation:
352
Since the acceleration terms are the unknowns of the system of equations, the
353
Forward Euler scheme is used to update the velocities,
The Backward Euler scheme is adopted for the displacements
The discrete approximation of the solution at time t k is indicated by the superscript k.
Computational cycle 359
The numerical procedure is described by the following steps, which are solved for 2) Nodal non-advective fluxes of air in the liquid and the water in the gas are 366 calculated.
367
3) The momentum balance of gas is solved and nodal accelerations of the gas phase 368 are calculated. 9) The constitutive stresses are updated using a material constitutive model. 11) The computational grid is initialised for the next step and the material points 388 carry all the updated information. 
RAINFALL EFFECTS ON AN EMBANKMENT SLOPE
Case description 391
The problem solved was inspired by a real case described in Alonso et al., 2010. 392 Several road embankments of medium height (6-8 m) were subjected to heavy et al., 2008; Bandara, 2013) . Buzzi et al. (2008) atmospheric pressure is prescribed in all the boundaries (p g = 0 kPa).
430
The initial stresses and pore pressures of the slope are in equilibrium with the 431 gravity force and the prescribed suction (s 0 = 800 kPa) distributed along the slope 432 surface, which is in contact with the atmosphere.
433
The rainfall induced wetting is modelled by applying a decrease of suction on the downward flow is generated in the embankment due to suction gradients.
438
The embankment soil is assumed to be homogeneous and the properties of the 439 different phases forming the soil (solid-liquid-gas) are presented in Table 2 . Neither 440 water vapour nor dissolved gas have been taken into account in this calculation.
441
Therefore the liquid phase is pure water and the gas phase is considered to be dry air.
442
The water saturated permeability of the embankment was increased to accelerate 443 wetting times and to reduce the computational time.
444
The elasto-plastic suction-dependent Mohr-Coulomb model simulates the soil 445 behaviour and the constitutive parameters are summarized in leads to a progressive reduction of cohesion with suction from a value c = 67 kPa at 456 the initial state (s = 800 kPa) to c'= 1 kPa for saturated conditions.
The parameters of the water retention curve, equation (25), are listed in Table 4 .
458
The shape of the van Genuchten model is shown in Figure 5 . represented in Figure 6a . The evolution of suction may be followed in Figure 6 . The final run-out can be quantified to be 2.5 m, if it is defined as the distance 491 between the initial toe of the slope and the toe of the final geometry.
492
The wetting process is also illustrated in Figures 7 and 8 . Figure 7 shows the 493 evolution of "green field" suction for the left and right boundaries. We understand 
Stress-suction-time
516
The stress evolutions have been analysed for the four control points (S1, S2, D1 517 and D2) and are presented in Figures 9, 10 and 11. Figure 9 shows the evolution of 518 net mean stress and Figure 10 shows the evolutions of shear stress and the 519 corresponding yield stress.
520
In these two figures some oscillations are observed. Because of the dynamic 521 formulation, whenever there is an unbalanced force in a node, some elastic waves are 522 generated and cross the domain reflecting at the boundaries (if the boundaries are not absorbing boundaries, as the case solved in the example 
where K s , K l and K g are the modulus of the solid skeleton, liquid and gas.
533 Figure 12 shows the variation of the unsaturated bulk modulus with the degree of 534 saturation considering the water retention curve and the soil properties of this case. It 535 is clear that when the soil is almost saturated and the degree of saturation is close to 536 one, the stiffness of the soil increases abruptly towards the saturated bulk modulus.
537
This effect can be explained because the stiffness of the gas is several orders of provides an additional insight into the slope behaviour. The material point S1 at the 545 slope toe is essentially yielding at the start of the simulation (Figure 10a ) and it 546 maintains plastic conditions throughout the sliding process. Point S2, the shallow 547 point at mid slope plastifies about 12 s after the beginning of rainfall and it remains 548 in a plastic state. D2, which is located within the shear band, behaves essentially as 549 S2. Point D1 at the slope toe, at a certain depth, is apparently in an elastic state 550 throughout the sliding process although it appears to be very close to plastification at 551 the final stages of sliding (Figure 10b ).
552
Stress paths in a ̅ -q plane, plotted in Figure 11 , offer a more precise information 553 on the evolution of plastic states. Initially, when the wetting starts but the slope is 554 still stable (from t 1 to t 2 ), the stress state for the deeper and more confined points (D1, D2) changes slightly. However, shallower points subjected to higher shear stresses 556 such as the toe of the slope (S1) are subjected to a faster decrease of suction and a 557 loss of strength is associated with suction softening. S1 is under plastic conditions 558 from the beginning of the calculation. The material point remains on the yield 559 surface as it shrinks, due to the rapid loss of suction. The point initially experiences a 560 decrease in net mean stress, which is later recovered as the slide "flows" over this 561 point.
562
The slide motion begins between times t 2 and t 3 . These points located mid-slope,
563
in the "active" area of the failure (S2 and D2), suffer a small increase of mean and 564 shear stresses but they remain in the current yield surface. Points located in the
565
"passive" area experience large stress changes. The shallower S1 point softens 
Dynamics of the motion
573
The model provides also information on the overall dynamic behaviour of the 574 slide. This is a significant improvement over static formulations. The calculated total 575 displacement, velocity and acceleration of S1, S2, D1 and D2 are shown in Figure   576 13. Velocities and accelerations represented in Figures 13b and 13c (Hicks M, Brinkgreve RBJ and Rohe A (eds.)). Balkema, Leiden, The and air are presented in detail starting from the equation (14) in the paper.
772
Mass balance equation of the solid component 773
Considering that there is no mass exchange between solid and fluid phases, the 774 general mass balance equation (14) 
Applying the chain rule for all the derivatives, the previous equation can be rewritten 784 as:
Regrouping terms considering the definition of the material derivative (I.5), the solid 787 mass balance is simplified to equation (I.6).
Rearranging terms, the following expression is obtained:
Finally, considering that the solid grains are incompressible, the material derivative 793 of the porosity is derived as:
liquid and gas phases. Starting from equation (14), the mass balance equation for 799 water, without considering external sources or sinks, can be written as:
where ρ g and ρ l are the gas and liquid densities; S g and S l are the gas and liquid 802 degree of saturations (S g =1-S l ); and are the mass fractions of water in the 803 gas and in the liquid respectively; and and are the fluxes of water in the gas and 804 in the liquid phases.
805
Referring to the water fluxes, the flux in the gas phase (I.10) is equal to the sum of a 806 diffusive term and an advective term. On the other hand, the water flux in the 807 liquid phase can be written as (I.11), in which the diffusive term has been neglected. Substituting equations (I.10) and (I.11) in (I.9), the water mass balance can be 811 written as follows:
Regrouping terms considering the definition of liquid and gas material derivative,
814
(I.13) and (I.14) respectively, the water mass balance is rewritten in (I.15).
815
( ) ( ) ( )
Assuming the distribution of porosity is sufficiently smooth and the spatial variations 
where the dot on p l and p g indicates the variation in time of liquid and gas pressure.
831
In the calculation, the mass fraction of the water in the liquid, , is assumed equal 832 to one.
833
Mass balance equation of the air component 834
Similarly to what has been done with the water mass balance equation, the air mass 835 balance equation has been developed considering air content in the two fluid phases.
836
Starting from equation (14), the air mass balance, without considering external 837 sources or sinks, can be written as: The air flux in the gas phase can be written as (I.21), in which the diffusive term is 842 be neglected. 
849
(I.13) and (I.14) respectively, the air mass balance is rewritten in (I.23). 
Assuming the distribution of porosity is sufficiently smooth and the spatial variations 852 of air content in the liquid and in the gas are small, the material derivatives of (I.23) 
scalar equation can be expanded into a system of equations. Rearranging terms, it can 894 be shown that: 
The weak form is derived by multiplying (II.6a) by a test function δu and integrating 912 over the total domain Ω. In addition, the integration by parts and the divergence 913 theorem are applied to the term with the total stress gradient. Since test functions are 914 arbitrary, in particular one that is zero on the boundary where displacements are 915 prescribed, the above equation can be written as:
where ∂Ω t is the boundary where the external traction is prescribed.
918
Considering equation (37) 
